
Introduction

The motion of colloidal particles in a continuous
medium at low Reynolds numbers has long been an
important subject in the fields of chemical, biomedical,
and environmental engineering and science. The
majority of these transport phenomena are fundamen-
tal in nature, but permit one to develop a rational
understanding of many practical systems and industrial
processes such as sedimentation, flotation, electropho-
resis, agglomeration, and motion of blood cells in an

artery or vein. The theoretical study of this subject has
grown out of the classic work of Stokes [1] for the
creeping motion of a rigid sphere in an unbounded
viscous fluid.

The surface of a colloidal particle is generally not
hard and smooth as assumed in many theoretical mod-
els. For instance, surface layers are purposely formed by
adsorbing long-chain polymers to make the suspended
particles stable against flocculation [2]. Even the surfaces
of model colloids such as silica and polystyrene latex are
‘‘hairy’’ with a gel-like polymeric layer extending a
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Abstract The sedimentation of a
homogeneous distribution of spher-
ical composite particles and the fluid
flow through a bed of these particles
are investigated theoretically. Each
composite particle is composed of a
spherical solid core and a sur-
rounding porous shell. In the fluid-
permeable porous shell, idealized
hydrodynamic frictional segments
are assumed to distribute uniformly.
The effect of interactions among the
particles is taken into explicit ac-
count by employing a fundamental
cell-model representation which is
known to provide good predictions
for the motion of a swarm of non-
porous spheres within a fluid. In the
limit of a small Reynolds number,
the Stokes and Brinkman equations
are solved for the flow field in a unit
cell, and the drag force exerted by
the fluid on the particle is obtained
in a closed form. For a distribution
of composite spheres, the normal-

ized mobility of the particles
decreases or the particle interactions
increase monotonically with a
decrease in the permeability of their
porous shells. The effect of particle
interactions on the creeping motion
of composite spheres relative to a
fluid can be quite significant in some
situations. In the limiting cases, the
analytical solutions describing the
drag force or mobility for a
suspension of composite spheres
reduce to those for suspensions of
solid spheres and of porous spheres.
The hydrodynamic behavior for
composite spheres may be
approximated by that for permeable
spheres when the porous layer is
sufficiently thick, depending on the
permeability.
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substantial distance into the suspending medium from
the bulk material inside the particle [3]. In particular, the
surface of a biological cell is not a hard smooth wall, but
rather is a permeable rough surface with various
appendages ranging from protein molecules on the order
of nanometers to cilia on the order of micrometers [4].
Such particles can be modeled as a composite particle
having a central solid core and an outer porous shell [5].
When the solid core vanishes, the particle reduces to a
permeable one, such as polymer coils [6] or colloidal
flocs [7].

The motion of an isolated colloidal sphere covered
by a thin layer of adsorbed polymers in an incom-
pressible Newtonian fluid was analyzed by Anderson
and Kim [8] using a method of matched asymptotic
expansions to solve the Brinkman equation for the flow
field within the surface polymer layer and the Stokes
equations for the flow field external to the particle. The
result for the drag force exerted by the fluid on the
moving particle, expressed as the hydrodynamic
thickness of the polymer layer, is accurate to O(k2),
where k is the ratio of the polymer-layer characteristic
length to the particle radius. On the other hand, the
creeping flow of an incompressible Newtonian fluid
past a spherical composite particle with an arbitrary
thickness of its permeable shell was solved by Masliyah
et al. [9] and Veerapaneni and Wiesner [10] using the
Brinkman and Stokes equations. An analytical formula
for the drag force experienced by the particle was
derived as a function of the radius of the solid core, the
thickness of the porous shell, and the permeability of
the shell. Masliyah et al. [9] also measured the settling
velocity of a solid sphere with attached threads and
found that theoretical predictions for the composite
sphere are in excellent agreement with the experimental
results.

In most practical applications of particle motion
relative to a fluid, collections of particles are encoun-
tered. Thus, it is important to determine if the presence
of neighboring particles significantly affects the move-
ment of an individual particle. Using a method of
reflections, Anderson and Solomentsev [3] analytically
solved the mobility problem of two arbitrarily oriented,
identical composite spheres with thin adsorbed polymer
layers. The mobility coefficients accurate to O(k2) were
determined in a power series of h)1 up to O(h–5), where h
is the center-to-center distance between the particles
divided by their radius. For the creeping motion of two
composite spheres with thin porous layers along the line
of their centers, their hydrodynamic interactions were
studied through the use of a lubrication theory for the
case of particles in near contact [11, 12] and a boundary
collocation method for the case of an arbitrary separa-
tion distance between the particles [13]. The hydrody-
namic interactions among a string of multiple composite
spheres with an arbitrary thickness for each of the per-

meable shells undergoing axisymmetric motion were also
examined by using the boundary collocation method
[12]. On the basis of a microscopic model of two-particle
interactions which involves the concept of statistical
mechanics [14, 15], the mobility coefficients of the
composite spheres can be used to evaluate approxi-
mately the mean settling velocity in a dilute suspension
of composite spheres as a function of the particle con-
centration.

Another technique which has been employed suc-
cessfully to predict the effect of particle concentration
on the particle sedimentation rate is the unit cell
model [16, 17, 18]. This model involves the concept
that an assemblage can be divided into a number of
identical cells, one sphere occupying each cell. The
boundary-value problem for multiple spheres is thus
reduced to the consideration of the behavior of a
single sphere and its bounding envelope. Although
different shapes of cells can be employed, the
assumption of a spherical shape for the fictitious
envelope of fluid surrounding each spherical particle is
of great convenience. The cell model is of great
applicability in concentrated assemblages, where the
effect of container walls will not be important. Prasad
et al. [19] analyzed the problem of the creeping flow of
a fluid relative to an assemblage of identical composite
spheres to some extent using the Happel cell model
[16], but their results are incomplete and contain sig-
nificant errors. In this work, the unit cell model is used
to study the hydrodynamic interactions among a
swarm of composite spheres with an arbitrary thick-
ness of the porous layers moving relative to a fluid. In
addition to the Happel model, the Kuwabara cell
model [17] is also considered. The solutions
obtained with these models enable the sedimentation
rate in a suspension of composite spheres or alterna-
tively the pressure drop for a fluid flow through a
bed of composite spheres to be predicted as a function
of the microstructure and volume fraction of the
particles.

Analysis

We consider the steady body-force-driven motion (e.g.,
sedimentation) of a uniform three-dimensional distri-
bution of identical spherical composite particles of
radius b in an incompressible Newtonian fluid of vis-
cosity g. Each composite sphere has a surface layer of
homogeneous porous material of constant thickness b)a
and permeability k so that the radius of the rigid
impermeable core is a. The average particle velocity
equals U in the positive z-direction. As shown in Fig. 1,
we employ a unit cell model in which each particle is
surrounded by a concentric shell of suspending fluid
having an outer radius c such that the particle-to-cell
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volume ratio is equal to the particle volume fraction /
throughout the entire suspension; viz., /=(b/c)3. The
origin of the spherical coordinate system (r,h,/) is set at
the particle center. The Reynolds number is assumed to
be sufficiently small so that the inertial terms in the fluid
momentum equation can be neglected, in comparison
with the viscous terms. Our objective is to determine the
hydrodynamic drag force exerted on the particle moving
with velocity U in a cell.

The fluid flow external to the composite sphere in a
cell (b £ r £ c) is governed by the Stokes equations,

gr2v�rp ¼ 0 ð1aÞ

and

r � v ¼ 0; ð1bÞ

where v is the fluid velocity field for the flow outside and
relative to the particle and p is the corresponding dy-
namic pressure distribution. For the fluid flow within the
porous layer of the particle (a £ r £ b), the relative
velocity v* and dynamic pressure p* are governed by the
Brinkman equation, which is preferred to the Darcy
equation to accommodate the boundary conditions at
the particle surface (r=b),

gr2v� � g
k
v� � rp� ¼ 0 ð2aÞ

and

r � v� ¼ 0; ð2bÞ

where the asterisk superscript represents a macroscopi-
cally averaged quantity pertaining to the porous layer
region. Here, we have assumed that the fluid has the
same viscosity inside and outside the permeable layer,
which is reasonable according to available evidence [8,
20].

Since the flow field in the cell is axially symmetric, it is
convenient to introduce the Stokes stream function
Y(r,h) which satisfies Eq. (1b) and is related to the
velocity components in the spherical coordinate system
by

vr ¼ �
1

r2 sin h
@W
@h

ð3aÞ

and

vh ¼
1

r sin h
@W
@r

: ð3bÞ

Taking the curl of Eq. (1a) and applying Eqs. (3a)
and (3b), we obtain a fourth-order linear partial differ-
ential equation for Y,

E4
sW ¼ E2

s E2
sW

� �
¼ 0 if b6r6c; ð4Þ

where the axisymmetric Stokes operator E2
s is given by

E2
s ¼

@2

@r2
þ sin h

r2
@

@h
1

sin h
@

@h

� �
: ð5Þ

Accordingly, Eqs. (2a) and (2b) can be expressed in
terms of the stream function Y*(r,h), which is related to
the velocity components v�r and v�h by Eqs. (3a) and (3b),
as

E4
sW
� � 1

k
E2
sW
� ¼ 0 if a6r6b: ð6Þ

Owing to the continuity of velocity and stress
components at the outer surface of the porous shell,
which is physically realistic and mathematically con-
sistent for the present problem [20, 21], and the no-slip
requirement at the solid core surface, the boundary
conditions for the flow field at the surfaces of the
porous layer are

r=a:

v�r ¼ v�h ¼ 0 ð7Þ

and

r=b:

v�r ¼ vr; ð8aÞ

v�h ¼ vh; ð8bÞ

s�rr ¼ srr; ð9aÞ

s�rh ¼ srh: ð9bÞ

r

b

a

Z

c 

f

q

Fig. 1 Geometrical sketch for the relative motion of a spherical
composite particle at the center of a spherical cell
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Here, srr and srh are the relevant normal and shear
stresses for the fluid flow. Since we take the same fluid
viscosity inside and outside the porous shell and use the
fluid velocity continuity given by Eqs. (8a) and (8b),
Eq. (9a) is equivalent to the continuity of pressure
(p*=p at r=b).

On the outer (virtual) boundary of the cell, the
Happel model assumes that the radial velocity and the
shear stress of the fluid are zero [16]; viz.,

r=c:

vr ¼ �U cos h; ð10aÞ

srh ¼ 0: ð10bÞ

Equations (7), (8a), (8b), (9a), (9b), (10a), and (10b)
take a reference frame that the composite sphere is at
rest and the radial velocity of the fluid at the outer
boundary of the cell is that of the particle in the opposite
direction.

A solution to Eqs. (4) and (6) suitable for satisfying
boundary conditions on the spherical surfaces is

W ¼ 1

2
kU An�1 þ Bnþ Cn2 þ Dn4
� �

sin2 h if b6n6c;

ð11aÞ

W� ¼ 1

2
kU
�
En�1þF n2þG

�
n�1 coshn� sinhn

�

þH
�
n�1 sinhn� coshn

��
sin2h if a6n6b; ð11bÞ

where the dimensionless variables n=r/k1/2, a=a/k1/2,
b=b/k1/2, and c=c/k1/2. The dimensionless constants A,
B, C, D, E, F, G, and H are found from Eqs. (7), (8a),
(8b), (9a), (9b), (10a), and (10b) using Eqs. (3a) and (3b).
The procedure is straightforward but tedious, and the
result is given in the Appendix.

The drag force (in the z-direction) exerted by the
external fluid on the composite sphere with the spherical
boundary r=b can be determined from [9, 18]

Fd ¼ 4pgk1=2UB; ð12Þ

where B is given by Eq. (33). In the limiting case of
b/c=b/c=0, Eq. (12) becomes

F 0ð Þ
d ¼ �6pgk1=2Uf ; ð13Þ

where

f ¼ bk� 3a2 � k� 3a2b
� �

tanh b� að Þ
� �

�
h
kþ 3bþ 3 a2 � 1

� �
tanh b� að Þ

� 6asech b� að Þ
i�1

; ð14aÞ

and

k ¼ 2b3 þ a3 þ 3a: ð14bÞ

The formula given by Eq. (13) is the reduced result
for the motion of an isolated composite sphere in the
absence of the other ones obtained by Masliyah et al.
[9].

Through the use of Eqs. (12) and (13), the normalized
mobility of the composite sphere in a unit cell can be
expressed as

M ¼ F 0ð Þ
d

Fd
¼ � 3f

2B
: ð15Þ

Note that M=1 as b/c=/1/3=0 and 0 £ M<1 as
0<b/c £ 1. The presence of the virtual surface of the cell
always enhances the hydrodynamic drag on the particle
since the radial fluid flow vanishes there as required by
Eq. (10a).

When b=a or k fi ¥, F 0ð Þ
d ¼ �6pgaU (Stokes’ law)

and Eq. (15) reduces to

M ¼ 1� 3

2
u1=3 þ 3

2
u5=3 � u2

� �
1þ 2

3
u5=3

� ��1
; ð16Þ

where /=(a/c)3. This is the result for the motion of a
rigid sphere of radius a in a cell of radius c.

When a=b or k=0, F 0ð Þ
d ¼ �6pgbU and Eq. (15) still

reduces to Eq. (16) with /=(b/c)3. This result corre-
sponds to the motion of a rigid sphere of radius b in a
cell of radius c.

When a=0, Eqs. (13) and (15) become

F 0ð Þ
d ¼ �6pgbU

2b2 b� tanh bð Þ
2b2 þ 3 b� tanh bð Þ

ð17Þ

and

M ¼ 3
�
b� tanh b

�n
b
h
3s1 þ b2s3 � 30b5

�b2
�
s2 � 60b3

�
u1=3

i

� 3
h
s4 þ 5b7 þ 10b5 � b2

�
s1 � 20b3

�
u1=3

i
tanh b

o

�
h
b
�
2b2 þ 3

�
� 3 tanh b

i�1

�
h
b
�
s2 � 60b3

�
� 3
�
s1 � 20b3

�
tanh b

i�1
; ð18Þ

where the dimensionless parameters s1, s2, s3, and s4 are
defined by Eq. (41) in the Appendix. The hydrodynamic
drag and normalized mobility given by Eqs. (17) and
(18) describe the motion of a porous (permeable) sphere
of radius b in an unbounded fluid [21] and in a cell of
radius c, respectively.

The unit cell model can also be applied to the case of
a fluid flow through a bed of composite spheres. For the
model under consideration, the drag force Fd divided by
the cell volume (4/3)pc3 will equal –DP/L, the pressure
drop per unit length of bed due to passage of fluid

630



through it. Use of this relationship and Eq. (12) gives
the superficial fluid velocity through the bed as

U ¼ � bb2

3Bu

� �
DP
gL

; ð19Þ

where the quantity in parentheses is the permeability
coefficient in the Darcy law for the whole bed. If we use
U(0) and DP(0) to represent U and DP, respectively, in the
limit of / fi 0 (a loose bed), the ratio U/U(0) with
DP=DP(0) (equals the ratio DP(0)/DP with U=U(0)) is
also equal to the normalized mobility M given by
Eq. (15).

If the Kuwabara model for the boundary condition
of the fluid flow at the virtual surface of the cell, which
assumes that the radial velocity and the vorticity are
zero [17], is used, Eq. (10b) is replaced by

r ¼ c : r� vð Þ/ ¼
@vh

@r
þ vh

r
� 1

r
@vr

@h
¼ 0: ð20Þ

With this change, the stream functions Y and Y* and
the drag force Fd can still be expressed in the forms of
Eqs. (11a), (11b), and (12), but the coefficients A, B, C,
D, E, F, G, andH should be determined by the boundary
conditions in Eqs. (7), (8a), (8b), (9a), (9b), (10a), and
(20). The result is given in the Appendix (B is given
by Eq. 44). It is easy to find that, for the case of the
Kuwabara model, Eqs. (16) and (18) for the normalized
particle mobility become

M ¼ 1� 9

5
u1=3 þ u� 1

5
u2 ð21Þ

and

M ¼ 1

5b3

n
b
h
b2
�
2t7þ60b

�
u2þ15t4uþ2b4t1u1=3

i

�
h
6b2
�
t6þ25b

�
u2

þ15t4u�18b5u1=3
i
tanhb

o

�
h
b
�
2b2þ3

�
�3tanhb

i�1
; ð22Þ

respectively. In Eq. (22), the dimensionless parameters
t1, t4, t6, and t7 are given by Eq. (52). It can be seen in
Eqs. (16) and (21) that the leading order of the particle
concentration effect on the particle mobility is /1/3 and
this effect predicted by the Kuwabara model is stronger
than that for the Happel model.

Results and discussion

The variation of the normalized mobility M for the
motion of a homogeneous distribution of porous spheres
(with a=0 or a/b=0) given by Eqs. (18) and (22) for the

Happel and Kuwabara models, respectively, with the
volume fraction / of the particles for various values of b
from zero to infinity is displayed in Fig. 2. The calcu-
lations are presented up to /=0.74, which corresponds
to the maximum attainable volume fraction for a swarm
of identical spheres [22]. It is also clear that at volume
fractions approaching this, agglomeration due to con-
tacts between particles may occur, and the present study
does not cover the case. The curve with b=0 (or k fi ¥)
represents the result for porous spheres with no resis-
tance to the fluid flow, while the curve with b fi ¥ (or
k=0) denotes the result for solid particles. As expected,
the normalized mobility M equals unity as b=0 for any
value of / and is a monotonic decreasing function of /
for any given value of b>0. Obviously, the particle
interaction effect on the mobility (or drag force) is
stronger when the permeability k of the particles is
smaller (or b is greater). For b<1, the particle mobility
varies slowly with the volume fraction /, compared with
the case of a lower permeability (or greater b). This weak
dependence can be explained by the fact that, instead of
bypassing, the fluid can easily flow through the porous
particle with a high permeability, thereby reducing the
hydrodynamic interaction among particles. For b>10,
the value of the particle mobility is quite close to that of
solid particles (with b fi ¥) when / is small, but the
difference becomes more significant as the particles get
closer to one another. This implies that, far from the
others, a porous particle with a low permeability
behaves like a solid one with most fluid flowing over it.

0.0 0.2 0.4 0.6 0.8

0.0

0.4

0.8

1.2

1

2

5

10

M

β = 0

∞

ϕ

Fig. 2 Normalized particle mobility M in a suspension of identical
porous spheres (a=0) versus the particle volume fraction / for
various values of b
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When the neighboring porous particles become suffi-
ciently close together, a large pressure gradient is
developed in-between to drive more fluid to permeate
through the porous medium [12]. Interestingly, for cases
with a finite value of b, the particle mobility does not
vanish even as the particle touches its neighbors. For
constant values of b and /, the Kuwabara model pre-
dicts a stronger concentration effect on the particle
mobility (or a smaller mean particle mobility) than the
Happel model does. This occurs because the zero-vor-
ticity model yields a larger energy dissipation in the cell
than that due to particle drag alone, owing to the
additional work done by the stresses at the outer
boundary [18]. In general cases, the predictions of the
two models are in numerical agreement to within 15%
and result in the same behavior qualitatively.

On the basis of the numerical solution of the hydro-
dynamic interactions between pairs of settling porous
spheres obtained by the boundary collocation method,
Chen and Cai [23] also derived an ensemble-averaged
formula for the mean particle mobility in a dilute sus-
pension of identical porous spheres (say, /<0.1) in the
form

M ¼ 1� a1uþ O u2
� �

: ð23Þ

They found that the value of a1 (which is always
positive) increases with an increase in b. As examples,
a1=5.50 as b=10 and a1=6.44 as b=100. Note that M
varies linearly with / in Eq. (23), while Eqs. (16), (18),
(21), and (22) indicate that M depends linearly on /1/3

for the cell model when the value of / is small.
After understanding the particle interaction effect on

the motion of porous spheres, we now examine the
general case of the motion of a swarm of composite
spheres. The normalized mobility M is shown in Fig. 3a
and b as a function of the volume fraction / and the
parameter a/b over the entire possible range for the cases
of b=5 and 1, respectively. Again, M decreases mono-
tonically with an increase in / for fixed values of a/b and
b and with an increase in b for constant values of a/b
and /. The curve with a/b=1 represents the result for a
rigid sphere (given by Eqs. 16, 21) and the curve with a/
b=0 denotes that for a porous sphere (given by Eqs. 18,
22). All the other curves for composite spheres lie be-
tween these lower and upper bounds and M is a
monotonic decreasing function of a/b for given values of
b and /. Namely, the hydrodynamic drag acting on a
particle is reduced as its porous layer becomes thick for a
given particle size, permeability, and separation distance
to its neighbors. It can be seen that, for the case of b=5,
the behavior of composite spheres with a/b=0.6 can be
roughly approximated by that of porous ones of equal
size and permeability when /<0.2. This is because when
a porous layer has a low to moderate permeability, it is
difficult for the fluid to penetrate deep to reach the core

surface as long as the layer is sufficiently thick and the
neighboring particles are not too close. Thus, the solid
core hardly feels a relative fluid motion, merely exerting
a negligibly small resistant force on the fluid [9, 12].
However, this approximation is no longer valid for a
porous layer with a large permeability, as for the case of
b=1 shown in Fig. 3b. Again, for cases with a/b<1, the
particle mobility is not necessarily equal to zero as the
neighboring particles touch one another.

0.0 0.2 0.4 0.6 0.8

0.0

0.2

0.4

0.6

0.8
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0.6
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M

0.0 0.2 0.4 0.6 0.8
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0.2

0.4

0.6

0.8

1.0
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0.6
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M

ϕ

ϕ

α/β = 0

α/β = 0

(a)

(b)

Fig. 3 Normalized particle mobility M in a suspension of identical
composite spheres versus the particle volume fraction / for various
values of a/b: a b=5; b b=1
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Concluding remarks

The creeping motion of a swarm of identical composite
spheres (which can reduce to solid spheres and porous
spheres in the limiting cases) relative to an incompress-
ible Newtonian fluid has been analyzed using the Happel
and Kuwabara cell models in this work. In a cell, the
Stokes and Brinkman equations for the fluid flow field
were solved and the hydrodynamic drag force exerted on
the particle as a function of the parameters a/b (=a/b),
/ [=(b/c)3], and b was obtained in closed-form expres-
sions. It was found that the strength of the hydrody-
namic interaction between composite spheres falls
between the corresponding value for solid spheres and
that for porous spheres with the same permeability. For
a suspension of particles with fixed values of a/b and /,
the mobility of each particle normalized by its corre-
sponding value in the absence of the other ones is a
monotonic decreasing function of the parameter b (or an
increasing function of the permeability k of the porous
surface layer) of the particle. For given values of a/b and
b, this normalized mobility decreases monotonically
with an increase in the particle volume fraction /. The
particle mobility may not vanish even when the neigh-
boring particles touch one another. The analysis
assumes that the porous shell of each composite sphere
is nondeformable. The result would be very different,
particularly in the case where the value of / is large, if
the porous shell were able to deform in response to the
flow (as might be expected for a layer composed of
entangled polymer).

Our results, which provide useful insights into the
actual phenomena regarding the creeping motion of
composite/porous particles in a suspension, show that
the effect of hydrodynamic interactions on the particle
motion can be significant in some situations. Both the
Happel and Kuwabara models give essentially the same
fluid velocity field and approximately equal particle
mobility for the motion of composite spheres. However,
the Happel model has a significant advantage in that it
does not require an exchange of mechanical energy be-
tween the cell and the environment [18]. The relevant
experimental data, which are not available in the liter-
ature, would be needed to confirm the validity of the cell
model at various ranges of a/b, b, and /.
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Appendix

For conciseness algebraic equations for the determina-
tion of the coefficients in Eqs. (11a) and (11b) as well as
their solutions are presented in this appendix.

Applying the boundary conditions given by Eqs. (7),
(8a), (8b), (9a), (9b), (10a), and (10b) for the Happel
model to the general solution given by Eqs. (11a) and
(11b) for the motion of a composite sphere in a con-
centric spherical cell, one obtains

E þ F a3 þ G cosh a� a sinh að Þ þ H sinh a� a cosh að Þ
¼ 0; ð24Þ

E � 2F a3 þ G a2 þ 1
� �

cosh a� a sinh a
� �

þ H a2 þ 1
� �

sinh a� a cosh a
� �

¼ 0; ð25Þ

Aþ Bb2 þ Cb3 þ Db5 ¼ E þ F b3 þ G cosh b� b sinh bð Þ
þ H sinh b� b cosh bð Þ; ð26Þ

A�Bb2�2Cb3�4Db5

¼E�2F b3þG
h�

b2þ1
�
coshb�bsinhb

i

þH
h�

b2þ1
�
sinhb�bcoshb

i
; ð27Þ

6Aþ 6Db5 ¼ 6E þ 3 b2 þ 2
� �

G cosh bþ H sinh bð Þ
� b b2 þ 6
� �

G sinh bþ H cosh bð Þ; ð28Þ

2Bþ 20Db3 ¼ E � 2F b3; ð29Þ

Aþ Bc2 þ Cc3 þ Dc5 ¼ c3; ð30Þ

and

Aþ Dc5 ¼ 0: ð31Þ

These simultaneous algebraic equations can be solved
to yield the eight unknown constants as

A ¼ �c5D; ð32Þ

B ¼D½�120ab6 � 120b7 þ 9a2s1 � bks2
� �

cosh b� að Þ
þ 3 40b6 � ks1 þ a2bs2
� �

sinh b� að Þ�; ð33Þ

C¼ D
n
12a
�
s4�5b5

�
þ
�
120b6þ45a2b4�ks3

�6bs4
�
cosh

�
b�a

�
þ3
h
5b4kþ2

�
s4þ10b5

�

�a2s3
i
sinh

�
b�a

�o
; ð34Þ

D¼ Db2
�
�6abþ 12b2þbk�9a2

� �
cosh b�að Þ

�3 k�b a2�4
� �� �

sinh b�að Þ
�
; ð35Þ

E ¼ 6Da
h
2b3 s5 � 30b3
� �

þ bs0s1 � 3as4ð Þ cosh b� að Þ

þ 3abs1 � s0s4ð Þ sinh b� að Þ
i
; ð36Þ

F ¼ 6D as5 � bs1 cosh b� að Þ þ s4 sinh b� að Þ½ �; ð37Þ
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G¼ 6D
h
3a2s5 cosha�3abs1 coshb� ks5�60b6

� �
sinha

þ3as4 sinhb
i
; ð38Þ

and

H ¼ 6D
h

ks5 � 60b6
� �

cosh a

� 3a
�
s4 cosh bas5 sinh a� bs1 sinh b

�i
; ð39Þ

where

D¼ c
��

c
�
60b6þ45a2b4�6bs1�ks3

�
�120b7�9a2s1

þbks2
�
cosh

�
b�a

�
þ3
�
c
�
20b5þ5b4kþ2s4�a2s3

�

þ40b6þa2bs2�ks1
�
sinh

�
b�a

�

þ12a
�
c
�
s4�5b5

�
�10b6

���1
; ð40Þ

and

When the Kuwabara model is used, one can apply the
boundary conditions given by Eqs. (7), (8a), (8b), (9a),
(9b), (10a), and (20) to the general solution given by
Eqs. (11a) and (11b) to yield Eqs. (24), (25), (26), (27),
(28), (29), (30), and1

B� 5Dc3 ¼ 0: ð42Þ

Simultaneous solution of these eight algebraic equa-
tions leads to

A ¼ 1

2
D0b2

�
30ab

�
t4 � 8b3

�
�
�
60b2c3 þ bkt6 � 60ab2s0

� 9a2
�
t6 � 2b3

��
cosh

�
b� a

�
þ 3
�
k
�
t6 � 2b3

�

� a2b
�
t6 � 60b

�
þ 20bt3

�
sinh

�
b� a

��
; ð43Þ

B ¼ 5c3D; ð44Þ

C¼5
2
D0 6at5þ 9a2b2�kt5�6bt3

� �
cosh b�að Þ

�

þ3 b2kþ2t3�a2t5
� �

sinh b�að Þ
�
; ð45Þ

D¼ 3

2
D0 bk�3a2
� �

cosh b�að Þ� k�3a2b
� �

sinh b�að Þ
� �

;

ð46Þ

E ¼ 15D0a
�
2b3t2 þ bs0 � 3að Þt3 cosh b� að Þ

þ 3ab� s0ð Þt3 sinh b� að Þ
�
; ð47Þ

F ¼ 15D0 at2 � bt3 cosh b� að Þ þ t3 sinh b� að Þ½ �; ð48Þ

G ¼ 15D0
�
3a2t2 cosh a� 3abt3 cosh b

�kt2 sinh aþ 3at3 sinhb
�
; ð49Þ

and

H ¼ 15D0
	
kt2 cosh a� 3a t3 cosh bþ at2 sinh að

� bt3 sinhbÞ


; ð50Þ

where

D0 ¼c3
��
9a2b2

�
t6þ15b

�
�
�
b3t7þ c5t1

�
k�60b7

�15bc3t4�27a2c5
�
cosh

�
b�a

�
þ3
�
b2k
�
t6þ15b

�

�3c5kþ20b6þ5c3t4�a2
�
b3t7þ c5t1

��
sinh

�
b�a

�

þ30at2t3
��1

; ð51Þ

and

t1¼ 5c�9b; t2¼ c3�b3; t3¼ c3þ2b3;

t4¼ c3þ4b3; t5¼ 2c3þb3; t6¼ 5c3�2b3�30b;

t7¼ 5c3�b3�45b: ð52Þ

s0 ¼ a2 þ 3; s1 ¼ c5 þ 4b5 þ 30b3; s2 ¼ 3c5 þ 2b5 þ 90b3;

s3 ¼ 2c5 þ 3b5 þ 60b3; s4 ¼ c5 þ 14b5 þ 30b3; s5 ¼ c5 � b5 þ 30b3:

ð41Þ
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